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Abstract. A computational study of three-dimensional mag-
netic reconnection between two ﬂux ropes through a moving
reconnection site is presented. The conﬁguration is consid-
eredinthecontextoftwointeractingspheromaksconstrained
by a perfectly conducting cylindrical boundary and oriented
to form a single magnetic ﬁeld null at its center. The ini-
tial magnetic ﬁeld conﬁguration is embedded into a uniform
thermal plasma and is unstable to tilting. As the sphero-
maks tilt, their magnetic ﬁelds begin to reconnect at the null,
subsequently displacing both the null and the reconnection
site. The motion of the reconnection region and the magnetic
null are shown to be correlated, with stronger correlation and
faster reconnection observed in plasmas with lower thermal
to magnetic pressure ratio. It is also shown that ion inertial
effects allow for yet faster reconnection, but do not qualita-
tively change the dynamics of the process. Implications of
the coupling between moving magnetic nulls and reconnec-
tion sites, as well as of possible mechanisms for fast recon-
nectionthroughamovingreconnectionregion, arediscussed.
The simulations are conducted using both single-ﬂuid and
Hall MHD plasma models within the HiFi multi-ﬂuid mod-
eling framework.
1 Introduction
Magnetic reconnection in laboratory, astrophysical, and ide-
alized settings has been widely investigated in the past
decade (Zweibel and Yamada, 2009). Much of the focus,
particularly in the computational modeling community, has
been on idealized two-dimensional (2-D) systems (Sweet,
1958; Parker, 1957; Birn et al., 2001; Bhattacharjee et al.,
2005; Loureiro et al., 2005; Simakov and Chac´ on, 2008;
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Daughton et al., 2009). There, the structure of a 2-D re-
connection region (RR) and physical mechanisms that may
allow for reconnection rates comparable to those observed
or implied from space and astrophysical observations have
been investigated. At the same time, important theoretical
progress has been made in classifying and understanding the
geometry of a globally three-dimensional (3-D) RR (Priest
and Titov, 1996; Linton et al., 2001). In particular, the topol-
ogy, ideal and non-ideal evolution of magnetic ﬁeld lines in
the neighborhood of an isolated stationary 3-D magnetic null
havebeenextensivelyinvestigated(LauandFinn,1990;Pon-
tin et al., 2007; Priest and Pontin, 2009); a recent review pa-
per by Pontin (2011) provides a good set of examples of the
past and ongoing work on this subject. These studies have
focused primarily on null-point reconnection in the Earth’s
magneto-tail (Xiao et al., 2006) and solar (Fletcher et al.,
2001; Maclean et al., 2009; Masson et al., 2009) contexts,
though laboratory investigations of magnetic reconnection
are also beginning to explore local and topological proper-
ties of quasi-stationary 3-D reconnection sites (Frank and
Bogdanov, 2001; Cothran et al., 2003; Intrator et al., 2009;
Lawrence and Gekelman, 2009).
The key distinguishing aspects of globally 3-D reconnec-
tion is the 3-D localization of the RR and the ability of the
magnetic structure associated with the RR to extend and/or
move in the direction normal to the reconnection plane, i.e. in
the direction co- or counter-aligned with the reconnection
electric ﬁeld. Observational signatures of the RR localiza-
tion (Munsat et al., 2007) and motion in solar ﬂares (Qiu,
2009) and laboratory experiments (Katz et al., 2011) indicate
that the reconnection magnetic structure can propagate at a
substantial fraction of the local Alv´ en speed with respect to
surrounding plasma, but there have been few numerical stud-
ies that have focused on the propagating RR phenomenon
(e.g. Lapenta et al., 2006 and references therein). Some of
the 3-D numerical studies have considered magnetic conﬁg-
urations with a pre-existing wide current sheet where a 3-D
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RR is initiated by localized thinning of the current layer and
formation of a short reconnection x-line. In kinetic, hybrid
and Hall magnetohydrodynamic (MHD) simulations, such a
RR has been observed to extend along the x-line in the di-
rection of motion of the dominant current carriers (Lapenta
et al., 2006); there appear to be no documented studies of
a similar system using a single-ﬂuid MHD model. On the
other hand, previous single-ﬂuid MHD simulations of mag-
netic conﬁgurations that include a 3-D magnetic null have
noted motion, rather than an extension, of the associated RR
(Pontin and Galsgaard, 2007; Masson et al., 2009), but have
not explored this aspect of 3-D reconnection in detail.
In the present study, we investigate 3-D reconnection in
a magnetic ﬁeld conﬁguration with no pre-existing current
sheet and no global 2-D symmetry that could be utilized to
analyze the resulting RR topology and dynamics. This work
follows a previously published report of the ﬁrst numerical
simulation of 3-D null-point magnetic reconnection and dy-
namical merging of two simply-connected magnetic struc-
tures (spheromaks) validated by in-situ experimental obser-
vations (Gray et al., 2010). Here, a more detailed numer-
ical study of the motion and structure of the 3-D RR as
the spheromaks merge and their magnetic ﬁelds reconnect
is presented. In particular, it is demonstrated that the mo-
tion of the RR is correlated with the motion of the null,
and the correlation is enhanced in MHD plasmas with lower
β ≡ nkT/(B2/8π). The lower β simulations also show
faster, more explosive onset of reconnection, while simula-
tions where the ion inertial scale (c/ωpi) ≡ c
p
mi/4πne2
becomes non-negligible relative to the smallest dimension of
the RR allow for yet faster reconnection without qualitatively
changing the dynamics of the process.
The manuscript is organized as follows. The partial dif-
ferential equations (PDEs) being solved within the HiFi
multi-ﬂuid modeling framework (Glasser and Tang, 2004;
Lukin, 2008; Meier et al., 2010; Lowrie et al., 2011; Lukin
et al., 2011), the initial and boundary conditions, as well as
other relevant details of the numerical model are described
in Sect. 2. The global stability and evolution of the mag-
netic conﬁguration, which initially consists of two identi-
cal spheromaks conﬁned next to each other in a perfectly-
conducting cylinder, is addressed in Sect. 3. The dynamics
and structure of the magnetic null and the 3-D RR formed be-
tween the spheromaks are detailed in Sect. 4. Finally, general
implications of the coupling between moving magnetic nulls
and reconnection sites, as well as of possible mechanisms for
fast reconnection through a moving reconnection region, are
discussed in Sect. 5.
2 Numerical model
The simulations described below have been performed using
the multi-ﬂuid adaptive implicit spectral element HiFi frame-
work (Lukin, 2008; Lukin et al., 2011), solving the following
set of normalized compressible Hall MHD equations:
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
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,
∇ = (1/r0) ˜ ∇ is the differential gradient operator, t = t0˜ t is
the time, ρ = ρ0 ˜ ρ is the plasma density, vi,e = vAlf˜ vi,e are
the ion and electron plasma velocities, B=B0 ˜ B is the mag-
netic ﬁeld, E=(vAlfB0/c)˜ E is the electric ﬁeld, A=r0B0 ˜ A
is the electro-magnetic vector potential, J=(cB0/4πr0)˜ J is
the current density, p = p0 ˜ p and T = (p0/kn0) ˜ T are the
total thermal pressure and temperature of the plasma, and
pi,e =p0 ˜ pi,e are the ion and electron pressures with a con-
stant and uniform relative ratio. Both independent and de-
pendent variables have been normalized by choosing phys-
ical dimensions for distance r0, plasma number density n0,
and magnetic induction B0, expressing all other normaliza-
tion units in terms of these three and the speed of light c and
Boltzmann’s constant k. In particular, the plasma density is
measured in units of ρ0 ≡min0, the velocities are measured
in units of Alfv´ en velocity vAlf ≡B0/
√
4πρ0, time is mea-
sured in units of t0 ≡ r0/vAlf, and plasma pressure is mea-
sured in units of p0 ≡ B2
0/4π. The ion inertial scale has
been normalized by the global system size di ≡(c/ωpi)/r0,
κ is the normalized heat conduction coefﬁcient, µi and µe
are the normalized viscosity coefﬁcients for ion and electron
ﬂow, and ν is the normalized hyper-resistive coefﬁcient pro-
viding magnetic dissipation in the limit of di →0. In writing
the Hall MHD PDEs in this form, the Weyl gauge has been
chosen by explicitly setting the electrostatic potential to zero
and absorbing any electrostatic E-ﬁeld that may arise into the
vector potential A.
The solution of the Hall MHD PDEs is advanced in
time using the fully implicit Crank-Nicholson scheme with
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Fig. 1. A cartoon (left panel) and HiFi simulation (right panel) of two tilting spheromaks undergoing magnetic reconnection at the central
magnetic null. The cartoon indicates the reconnecting in-plane B-ﬁeld components and the co-directed out-of-plane B-ﬁeld being convected
into the RR. The simulation panel shows streamlines of two separate magnetic ﬁeld-lines, and arrows show the magnetic ﬁeld direction and
strength at the mid-plane. Note that the two spheromaks have oppositely directed toroidal magnetic ﬁelds.
no time-step splitting (Glasser and Tang, 2004; Lukin,
2008). The computational domain geometry is a cylinder
(r,φ,z)=[0,r0]×[0,2π]×[0,L] with L=3r0. The do-
main is discretized in space using (nr,nφ,nz)=(16,30,48)
elements in ˆ r, ˆ φ, and ˆ z directions, respectively, where the
3rd order modiﬁed Jacobi polynomials (Lukin, 2008; Lukin
et al., 2011) are used to expand the solution in each direction
within each element. Thus, the effective spatial resolution is
(Nr,Nφ,Nz) = (48,90,144). The domain is periodic in φ,
with the following impenetrable, free-slip, perfect conductor
boundary conditions imposed on the PDEs at r = r0, z = 0
and z=L: ˆ n·vi =0, (ˆ n·∇)(ˆ n×vi,e)=0, ∂(ˆ n×A)/∂t =0
and ∇·A=0, where ˆ n is the unit normal vector at the bound-
ary surface. These are supplemented with the ﬁxed wall tem-
perature condition T|bound = T|t=0 = const and the condi-
tion µeˆ n·∇(ˆ n·ve)=0 [or νˆ n·∇(ˆ n·J)=0, for di =0] such
that the magnetic dissipation term DJ has no contribution to
the energy ﬂux through the boundary.
Following Gray et al. (2010), the system is initialized with
two initially identical stationary co-axial Bessel-function
(also known as Chandrasekhar-Kendall model) spheromaks
(Chandrasekhar and Kendall, 1957; Bellan, 2002) with B-
ﬁeld satisfying
∇×B=λB (6)
with constant λ. The spheromaks are placed next to each
other with their rotational symmetry axes along the z-axis
to ﬁll the cylindrical domain such that ˆ n·B=0 everywhere
at the boundary. The z = 1.5r0 surface forms an interface
between the two spheromaks, such that radial components
of the respective magnetic ﬁelds are both positive at the in-
terface. The ﬁeld components along the spheromaks’ mag-
netic axes (referred to as toroidal components) are counter-
directed with respect to each other and zero at the interface.
A single interior magnetic null point (|B| = 0) is formed
at the center of the domain (r,z) = (0,1.5r0). Two other
Fig. 2. Time-traces of normalized magnetic energy Wn
mag in n=0
and n=1 modes for three simulations with different values of ini-
tial pressure p|t=0 = 0.5p0,1p0,4p0 all conducted with no mag-
netic dissipation (DJ =0) in the single-ﬂuid regime (di =0). The
corresponding normalized linear growth rate γ of the tilt mode con-
verting W0
mag energy into W1
mag energy is shown in the legend for
each of the three cases.
isolated magnetic nulls are initially located on the cylin-
der end-walls, at (r,z)=(0,0) and (r,z)=(0,L); and three
null lines are located on the walls at (r,φ,z) = (r0,φ,0),
(r,φ,z)=(r0,φ,1.5r0), and (r,φ,z)=(r0,φ,L). In order to
generate the initial numerical representation of A satisfying
these conditions on ∇×A, the HiFi framework is utilized to
solve a simple differential vector equation of the form:
∇2A=−J0 =−λB0 (7)
subject to the boundary conditions ˆ n×A=0 and ∇·A=0,
where
B0(r,z)/r0B0 =
−kzJ1(αr)cos(kzz)ˆ r+λJ1(αr)sin(kzz) ˆ φ+αJ0(αr)sin(kzz)ˆ z,
λ=
q
α2+k2
z, kz =2π/L, and αr0 =3.8317 is the ﬁrst zero
of the J1 Bessel function. The initial plasma density ρ and
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Fig. 3. Comparison of time-traces of φ-mode magnetic energy Wn
mag for several simulations (left) with different values of initial pressure
p|t=0 conducted in the single-ﬂuid mode with ﬁnite magnetic dissipation (di =0, ν =5×10−6), and (right) both with and without the Hall
effect for the same value of initial plasma pressure and ﬁnite magnetic dissipation (d2
i µe =ν =5×10−6). The corresponding normalized
linear growth rate γ of the n=1 mode is shown in the legend for each of the simulations.
pressure p within the computational domain are taken to be
uniform, thus producing a force-free initial equilibrium for
the simulations.
3 Global evolution of the two-spheromak system
The initial condition described above is an equilibrium with
free magnetic energy that can be unstable to aligned tilting of
the spheromaks (Gray et al., 2010), shown in its early non-
linear stage in Fig. 1. In the simulations, a tilting perturba-
tion ˆ z· ˜ ρ˜ vi = 10−2(r/r0)cos(φ)sin(kzz/2) is applied to the
equilibrium at t =0 to break the axisymmetry and initialize
the instability. This tilt instability is an ideal MHD insta-
bility that converts magnetic energy from the axisymmetric
n=0 mode to the n=1 mode and does not require magnetic
dissipation to become unstable (Finn et al., 1981; Bondeson
et al., 1981). Below, we investigate the linear and non-linear
dynamics of this system using three sets of MHD simula-
tions with qualitatively different Ohm’s Law, Eq. (3): ideal
MHD (di = µe = 0, DJ = 0), dissipative single-ﬂuid MHD
(di = µe = 0, DJ 6= 0), and dissipative Hall MHD (di 6= 0,
DJ 6=0).
Figure 2 shows time-traces of normalized magnetic en-
ergy Wn
mag in both n = 0 and n = 1 modes from three sim-
ulation runs with the ideal MHD Ohm’s Law and three dif-
ferent initial plasma temperature values, where the nth-mode
magnetic energy is calculated as
Wn
mag ≡
an
r3
0B2
0
3 X
j=1
Z r0
0
Z L
0
 
 

Z 2π
0
Bjexp(inφ)dφ
 
 

2
dz rdr,
with a0 = 0.5 and an>0 = 1. These three, as well as all
other simulations described below have been conducted with
(ρ/ρ0)|t=0 =1 and normalized heat conduction and ion vis-
cosity coefﬁcients of κ =µi =10−2. It is apparent from the
ﬁgure that the n=1 tilt mode is indeed unstable with linear
growth rate γ ≡0.5{∂[ln(Wn
mag)]/∂˜ t} weakly sensitive to the
background plasma pressure. However, it is also clear that in
Fig. 4. Growth rates of n=1 tilt perturbation in the magnetic ﬁeld
as a function of background pressure from the simulations shown in
Figs. 2–3.
the absence of magnetic dissipation the tilt mode saturates at
small amplitude as no topological changes in magnetic con-
nectivity can take place either within or across the two initial
spheromak ﬂux bundles.
The situation becomes dramatically different in the pres-
ence of magnetic dissipation, when magnetic reconnection
between the two topologically separated ﬂux volumes is al-
lowed to take place. With ﬁnite magnetic dissipation, as the
spheromaks begin to tilt, the B-ﬁeld at the magnetic null is
stressed and magnetic reconnection at the central magnetic
null between the “bottom” of the left spheromak and “top” of
the right spheromak is initiated, as shown in the left panel of
Fig. 1. Time-traces of Wn
mag from a series of simulations with
non-zero magnetic dissipation are shown in Fig. 3. The time-
traces show that unlike the ideal Ohm’s Law cases, in the
simulations with non-zero DJ nearly all of the initial axisym-
metric magnetic energy W0
mag is transferred into the helical
mode energy W1
mag, less the free magnetic energy released
during the reconnection and relaxation process.
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Fig. 5. Three magnetic ﬁeld lines of the saturated minimum mag-
netic energy n = 1 helical state (Cothran et al., 2010) from the
single-ﬂuid HiFi computation with p|t=0 =1p0 and ν =5×10−6
in the L:r0 =3:1 computational domain used in this paper.
The left panel of Fig. 3 shows results from six single-ﬂuid
simulations with ν =5×10−6 and six different initial plasma
pressures, from p|t=0 =0.25p0 up to p|t=0 =32p0; the tilt
growth rate γ for each of the simulations is shown in the
legend. In agreement with the zero-dissipation results, the
higher β runs again show systematically lower growth rates.
But the presence of magnetic dissipation also increases γ by
nearly an order of magnitude. It should be noted that the
stability properties of this two-spheromak system to the co-
aligned tilt mode are very similar to those of the internal kink
mode, which is a helical ideal MHD instability extensively
studied in tokamaks and other toroidally conﬁned plasmas
(Rosenbluth et al., 1973). It is well known that the ideal in-
ternal kink instability growth rate is also greatly enhanced
by the presence of magnetic dissipation and ﬁeld-line tearing
(Coppi et al., 1976; Lukin, 2008), and even further acceler-
ated in the presence of two-ﬂuid effects (Porcelli, 1991).
Introducing two-ﬂuid effects into the present numerical
experiment, two simulations, one with and one without the
Hall effect, are compared in the right panel of Fig. 3. The two
cases have been set up to have approximately the same form
and magnitude of magnetic dissipation by choosing d2
i µe =
5×10−6 in the Hall MHD simulation and ν = 5×10−6
in the single-ﬂuid MHD simulation. (Note that magnetic
dissipation in simulations with di 6= 0 is due to the term
(−d2
i µe/ρ)∇2(J/ρ) within DJ in Eq. (3), and ρ/ρ0 ≈1 has
been assumed.) There are two separate but related physical
effects that can be expected to inﬂuence the linear evolution
of the tilt mode for di >0. On the global scale, ion inertia
can serve to allow the magnetic ﬁeld structure to begin to tilt
aheadoftheionﬂuid, therebyallowingforfasteracceleration
and instability growth rate. This is an ideal Hall MHD effect
that can be expected to become signiﬁcant for di ≈O(1) and
does not allow for any change in magnetic topology. How-
ever, on small scales, it is well known that whenever di >0,
magnetic dissipation is sufﬁciently small but non-negligible,
and there are regions of stressed sheared magnetic ﬁeld un-
stable to tearing, ﬁnite ion inertia allows magnetic ﬁeld to
slip through the ion ﬂuid and reconnect at rates substan-
tially faster than those for di =0, with everything else being
equal (Drake and Lee, 1977; Terasawa, 1983). In the semi-
collisional regime with di =0.1 and (pe/pi)=1 chosen for
this study, it is the latter mechanism that is likely the domi-
nant factor in increasing the linear tilt growth rate by ≈38%.
The measured n = 1 tilt growth rates from simulations
with the ideal, dissipative single-ﬂuid and dissipative Hall
MHD subsets of PDEs are collected together and plotted on
a log-log plot versus background plasma pressure in Fig. 4.
As discussed above, it is clear that while variation in plasma
β from β < 1 to β  1 has a systematic effect on the tilt
growth rate, it is much weaker than the increase in the growth
rate due to non-ideal MHD effects that allow magnetic tear-
ing and reconnection between the two topologically separate
spheromak ﬂux bundles to take place. From here onward we
will focus only on the simulations with non-zero magnetic
dissipation where nearly all of the magnetic energy initially
contained in the axisymmetric n=0 ﬁelds is transferred into
the helical n = 1 mode that constitutes the minimum mag-
neticenergystateinthissystem(Woltjer,1958;Taylor,1974;
Cothran et al., 2010; Gray et al., 2010). It should be noted
that the ﬁnal helical state appears to be insensitive to plasma
β and to the ion inertial effects in the domain geometry and
for the plasma parameters investigated here. Figure 5 illus-
trates the magnetic ﬁeld lines of this n=1 state from one of
the single-ﬂuid calculations.
4 Correlated dynamics of the magnetic null and the 3-D
reconnection region
A schematic of the reconnection region within the global
magnetic ﬁeld structure during early evolution of the system
is sketched out in the left panel of Fig. 1, where the com-
ponents of the B-ﬁeld in the reconnection plane and of the
out-of-plane ﬁeld being convected into the RR are shown.
Here, by the reconnection plane we mean the plane passing
through the magnetic null and normal to the rotation axis of
the tilt. Figure 6 shows a more detailed representation of
the spine-fan magnetic null (Priest and Titov, 1996; Priest
and Pontin, 2009) where magnetic reconnection is initiated.
The ﬁgure illustrates how the location of the magnetic null
at each subsequent time-instance is determined by the RR
inﬂows and magnetic ﬁeld conﬁguration in the immediate
neighborhood of the null: As magnetic reconnection com-
mences, the symmetry of the null is broken and reconnection
inﬂows begin to convect inward the components of magnetic
ﬁeld perpendicular to the plane deﬁned by the reconnecting
ﬁeld at the null itself. These ﬁeld components, originally the
toroidal ﬁelds of the spheromaks ˆ φ·B0, are co-aligned and
combine with the magnetic ﬁeld fan around the null. As a
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Fig. 6. Schematic of the spine-fan magnetic null centered between the two spheromaks. As the symmetry of the null is broken and magnetic
reconnection commences, in-plane plasma ﬂows carry into the null the component of magnetic ﬁeld perpendicular to the reconnection plane.
These ﬁeld components, originally the toroidal ﬁelds of the spheromaks, are co-aligned and combine with corresponding components of
the fan magnetic ﬁeld around the null. As a result, the magnetic null moves along a radial cord in the plane of the fan and normal to the
reconnection plane.
result, the magnetic null moves along a radial cord in the
plane of the fan and normal to the reconnection plane.
Simulation snapshots of the coincident null and 3-D RR
between the two ﬂux bundles from a single-ﬂuid low β
run with p|t=0 = 0.25p0 and ν = 5×10−6 are shown at
t = 12.61t0 in Fig. 7. The view of panel (a) supports the
schematic of Fig. 6 and demonstrates that as the spine-fan
magnetic null is sheared, enhanced values of reconnection-
associated Epar ≡ E·B/|B| (Schindler et al., 1988; Hesse
and Schindler, 1988) and current density are observed in
the immediate neighborhood of the null, as the null itself is
displaced from the original rotational symmetry axis of the
spheromaks at r = 0. Figure 7b shows the same 3-D im-
age viewed from the top with respect to the view of Fig. 7a
and such that the reconnection plane is in the plane of the
ﬁgure. It is apparent that the classic 2-D description of anti-
parallel reconnection with a thin elongated reconnection cur-
rent sheet (Sweet, 1958; Parker, 1957) is a reasonable de-
scription of the process observed here in the plane containing
the magnetic null and in the frame of reference of the RR it-
self. However, it is also clear that the actual 3-D topology of
the magnetic ﬁeld lines around the null is substantially more
complicated with order unity ratio of out-of-reconnection-
plane to in-reconnection-plane B-ﬁeld components immedi-
ately away from the null.
It is desirable to unambiguously evaluate the rate of mag-
netic reconnection Rrec through a 3-D RR. General well-
posed prescriptions for doing so in ﬁnite-B reconnection or
in the presence of magnetic null lines exist in the literature
and rely on the value of the integral of Epar along magnetic
ﬁeld lines or on the value of E along the magnetic sepa-
rator, respectively (Hesse and Schindler, 1988). While we
are not aware of such a prescription for a generic dynam-
ically changing and moving RR in the presence of an iso-
lated magnetic null, a way to calculate the reconnection rate
through a sheared magnetic null that relies on certain sym-
metry of the magnetic fan surface has been previously in-
troduced by Pontin et al. (2005) (see Figure 6 of Pontin et al.
(2005)). As applied to the magnetic conﬁguration considered
here, thisprescriptionissufﬁcientandrequiresapathintegral
Rrec ≡
R
Prec
˜ E·d˜ x along the path Prec forming a straight line
through the magnetic null and parallel to the tilt rotation axis
of the two-spheromak system. In fact, that is the same line
as the one traversed by the magnetic null and corresponds to
the vertical line through the null in the magnetic fan plane of
Fig. 6 and to the ˆ x-directed line through the magnetic null
in Fig. 7, such that ˜ B×d ˜ Prec =0 everywhere along Prec and R
Prec
˜ E·d˜ x =
R
| ˜ Epar|d ˜ Prec.
Figure 8a shows time traces of log10[Rrec] from the simu-
lations already discussed in Sect. 3: six dissipative single-
ﬂuid MHD simulations with different p|t=0, labeled A-F,
and a Hall MHD simulation with di =0.1 and p|t=0 =1.p0,
labeled H. In all cases, Rrec is observed ﬁrst to grow ex-
ponentially from negligible values early in the simulations,
second to grow super-exponentially and increase its effective
growth rate (the slope of the curves in Fig. 8a), and third to
peak and rapidly decay after another secondary peak. The
effective growth rates in the early linear and later nonlin-
ear phases of reconnection γR ≡

∂[ln(Rrec)]/∂˜ t
	
are shown
versus p|t=0 on a log-log plot in Fig. 8b.
A comparison of the early linear growth rates γR to the
corresponding tilt mode growth rates shown in Fig. 4 demon-
strates a good quantitative agreement between the two sets
of values. This is consistent with the interpretation of the
observed growth rates as those for a tearing-accelerated co-
aligned linear tilt mode given in Sect. 3. The observed
super-exponential increase in Rrec during the transition to
the nonlinear reconnection phase followed by saturation and
rapid decay is also a familiar phenomenon previously ob-
served in strongly unstable 2-D single-ﬂuid resistive tearing
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Fig. 7. Snapshots of the 3-D RR between the two ﬂux bundles from a simulation with p|t=0 = 0.25p0, di = 0, and ν = 5×10−6 at
t = 12.61t0. A view of the spine-fan magnetic null similar to that of Fig. 6 is shown in panel (a) and a view from the top is shown in
panel (b). Light and dark brown surfaces are those of constant r ˆ φ·A and approximate magnetic ﬂux surfaces, the streamlines around the
null are select magnetic ﬁeld lines with the color showing parallel E-ﬁeld ˜ Epar = ˜ E·B/|B| at each location along the ﬁeld lines, and a gray
surface in the center of the null is that of enhanced current density |˜ J|=30. associated with ongoing magnetic reconnection.
mode reconnection (Loureiro et al., 2005) and nonlinear
m = 1 internal kink mode simulations that included two-
ﬂuid effects (Aydemir, 1992; Lukin, 2008). This explosive
behavior of a reconnecting system is commonly explained
by the self-driven nature of nonlinear magnetic reconnection
(Drake, 2001; Lukin, 2008).
Another quantity that is simple to evaluate and necessar-
ily has a strong correlation with the reconnection rate is the
magnitude of normalized electric ﬁeld due to magnetic dissi-
pation:
Ediss ≡



d2
i µe
˜ ρ

  ˜ ∇2

˜ J
˜ ρ

 , di >0
ν
 
 ˜ ∇2˜ J
 
, di =0
. (8)
Since magnetic reconnection requires magnetic dissipation,
Ediss 1 everywhere outside of the RR, and Ediss ≥| ˜ Epar|
everywhere on Prec, it is reasonable to associate the physi-
cal location of maximum Ediss within the domain with the
location where the most intense magnetic reconnection takes
place. In fact, throughout the reconnection process, the lo-
cation of max(Ediss) over the domain remains somewhere on
Prec.
Figure 9a shows the time evolution of max(Ediss) during
the period of most intense reconnection for the six dissipative
single-ﬂuid MHD simulations. The corresponding locations
of the magnetic null and the point of maximum Ediss along
the radial cord traveled by both, rnull and rRR respectively,
are shown in Fig. 9b, c versus time. Figure 9d shows the
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Fig. 8. (a) Time traces of normalized reconnection rate Rrec for the six single-ﬂuid MHD simulations with varying plasma β (labeled A–F)
and the Hall MHD simulation (labeled H) described in Fig. 3. (b) The effective growth rate γR of Rrec versus the background pressure in
the early linear and late nonlinear phases of reconnection.
Fig. 9. Time traces of (a) the maximum magnitude of normalized dissipation electric ﬁeld max(Ediss); (b) the radial position of the magnetic
null-point rnull and (c) the radial position of the location of maximum dissipation E-ﬁeld rRR for the six single-ﬂuid simulations with varying
plasma β. Panel (d) shows the radial distance 1r ≡(rnull−rRR) versus the null-point’s radial position rnull.
distance between the two, 1r ≡(rnull−rRR), as a function
of rnull while the null is located within the simulation do-
main. There are several observations that can be made by
examining Figs. 8–9 in concert: (1) the magnitudes and the
growth rates of Rrec and max(Ediss) are greatest while the
the magnetic null and the RR are moving and co-located;
(2) simulations with lower β show both stronger spatial cor-
relation between the locations of the null and the RR and
higher magnitudes of Rrec and max(Ediss); (3) simulations
with lower β also show stronger super-exponential growth of
Rrec indicated by the difference between the nonlinear and
linear growth rates in Fig. 8b. All these point towards a rela-
tionship between the observed explosive growth of the recon-
nection rate and the location of the RR relative to the moving
magnetic null.
ThespeedofthemovingRRinthesingle-ﬂuidsimulations
discussed above can be computed from Fig. 9c in a straight-
forward manner and can achieve up to 0.24vAlf for the lowest
β simulations shown. However, the apparent motion of the
RR and the null is not associated with any plasma ﬂow in the
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Fig. 10. Four snapshots of the 3-D RR from a Hall MHD simulation with p|t=0 =p0, di =0.1, and d2
i µe =5×10−6 before [panel (a)],
during [panels (b)–(c)] and after [panel (d)] onset of fast reconnection through the moving magnetic null. In each panel, the streamlines
denote magnetic ﬁeld lines traced from a set of ﬁve pairs of initial points located at r ={0.1,0.2,0.3,0.4,0.5}r0 along the radial cord traveled
by the null, with each origin pair separated by 0.02r0. The arrows denote the ion ﬂow ﬁeld ˜ vi with both the color and the size of the arrows
indicating the magnitude of the ﬂow, and the gray surfaces in panels (b)–(d) denote enhanced current density |˜ J| = 32. associated with
ongoing magnetic reconnection. The orientation and viewpoint of the RR is the same in all panels and similar to that shown in Fig. 6 and
Fig. 7a above.
direction of this motion. Instead, the plasma ﬂow acceler-
ated by the released tension of reconnected ﬁeld lines stays
parallel to the reconnection plane, as the reconnection plane
moves with the RR in the direction normal to itself (see Fig. 8
of Gray et al., 2010). This situation becomes substantially
different when the ion inertial effects are taken into account
by setting di >0 and sufﬁciently large to be greater than the
magnetic dissipation scale within the RR.
Figure 10 shows the evolution of magnetic ﬁeld and ion
ﬂow around the radial chord traveled by the magnetic null
and the RR during reconnection in the Hall MHD regime
with di =0.1 and d2
i µe =5×10−6. It is clear that in this case
theplasmaﬂowpatternintheimmediateneighborhoodofthe
RR is fully three-dimensional with a substantial component
of the ﬂow directed along the upward motion of the RR it-
self. Both the magnitude and direction of this vertical ion
ﬂow in the RR, which is also co-aligned with the direction
of RR current density, is consistent with the strong current-
aligned ion ﬂows previously observed in 3-D Hall MHD sim-
ulations of localized reconnection within an inﬁnitely long
current channel by Huba and Rudakov (2002). These ion
ﬂows carry some of the reconnection-associated plasma cur-
rent, but since the peak value of the vertical component of vi
in Fig. 10 is ≈0.5vAlf and di|˜ J|>3.0, most of the reconnec-
tion current in this simulation is carried by the electrons.
As noted is Sect. 1, previous simulations of a 3-D RR in
the two-ﬂuid and kinetic regimes, including those by Huba
and Rudakov (2002), have shown that the location of recon-
nection onset always propagates in the direction of motion
of the dominant current carriers (Lapenta et al., 2006). The
example presented here clearly contradicts that notion, as
the RR and the null shown in Fig. 10 are moving upward,
while the current-carrying electron ﬂow is directed down-
ward. The explanation for this apparent contradiction ap-
pears to be straightforward: The previous work considered
equilibria which were globally 2-D with a small localized 3-
D perturbation, leaving the direction of the RR propagation
to be determined by the difference in the ion and electron
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current-carrying ﬂow. By contrast, in the globally 3-D con-
ﬁguration considered here, it is the propagation of the 3-D
minimum in the magnetic pressure associated with the mag-
netic null that is the determining factor for the direction of
the RR propagation. This mechanism operates equally well
both in the single-ﬂuid and Hall MHD regimes, and thus the
ion inertial effects do not qualitatively change the dynamics
of reconnection through this moving 3-D magnetic null.
5 Conclusions
The numerical simulations of null-point reconnection be-
tween two spheromak ﬂux-ropes described above provide a
novel view of 3-D magnetic reconnection by highlighting the
importance of considering globally three-dimensional mag-
netic conﬁgurations which are free to evolve and undergo
magnetic relaxation without being constrained by nearby
line-tying or other similarly restrictive boundary conditions.
A state-of-the-art implicit spectral element multi-ﬂuid
modeling framework HiFi has been used to conduct the
single-ﬂuid and Hall MHD simulations to investigate both
the relationship between the global magnetic structure and
the RR evolution, and some of the details of the RR dynam-
ics. It should be noted that one important measure of the
accuracy of the HiFi modeling framework is the fact that in
the absence of magnetic dissipation being explicitly included
in the Ohm’s Law [Eq. (3)], no magnetic reconnection is
observed in the simulations, as demonstrated by comparing
Figs. 2 and 3. This valuable feature of the HiFi framework is
due to the use of both spectral element spatial discretization,
where all spatial derivatives are evaluated analytically, and
the non-dissipative implicit Crank-Nicolson time-advance.
The effect of the small-scale magnetic dissipation on the
global dynamics of the two-spheromak system, and in partic-
ular on the linear tilting instability that sets off the non-linear
reconnection phase, is documented in Figs. 2–4. It is shown
that the magnetic tearing enabled by the magnetic dissipation
can dramatically increase the tilt growth rate even in high-β
plasmas, and the ion inertial effects can further accelerate the
development of the mode. And what is even more important,
the magnetic dissipation allows for the nonlinear topological
change in the global magnetic ﬁeld conﬁguration and relax-
ation to the lowest magnetic energy n = 1-dominated state
shown in Fig. 5.
Throughout the manuscript, a special emphasis has been
made on the importance of the observed correlation between
the motion of the magnetic null and of the RR region. There
are two primary reasons why we believe that this effect is an
important one:
1. ThetendencyoftheRRtofollowthemotionofthemag-
netic null, particularly in low-β plasmas and even in the
absence of any two-ﬂuid or kinetic effects, could go a
long way towards explaining the observed motion and
variability of the emission signatures of magnetic re-
connection (Qiu, 2009) in such topologically complex
magnetic system as the solar corona. In future work, we
intend to look for a similar effect in magnetic conﬁg-
urations with localized magnetic pressure minima, but
non-vanishing |B| everywhere.
2. The possibility of nearly Alfv´ enic motion of the recon-
nection region through the global magnetic ﬁeld struc-
ture implies that the location of plasma acceleration due
to magnetic reconnection can also move through the
structure; i.e. if at t0 plasma is being accelerated at
some location x0, then at some later time t1 plasma is
no longer accelerated at x0 but is at some other location
x1. Whenever that is the case, many of the usual 2-D
reconnection paradigms, such as the Sweet-Parker out-
ﬂow bottleneck (Sweet, 1958; Parker, 1957), may be-
come irrelevant since the time it takes plasma to ﬂow
through a RR becomes comparable to the displacement
time of the RR itself.
The following simple steady-state analysis illustrates the sec-
ond point. Assume a 3-D localized RR of width δRR deter-
minedbythenon-idealmagneticdissipationprocessesacross
the RR, length LRR along the reconnection outﬂow direction,
and some height HRR along the direction of reconnection
current. Also, assume that the magnetic ﬁeld conﬁguration
of the RR is moving at some velocity vRR along the direction
of the reconnection current, as illustrated in Fig. 6. Then, in
steady state, in the moving frame of reference of the RR,
dLRR
dt
=
∂LRR
∂˜ t
+vRR·∇LRR =0
⇒ LRR ≈
vel
vRR
HRR
2
,
where vel ≡(∂LRR/∂t) is the rate of nonlinear elongation of
a 2-D reconnection current layer in the stationary frame of
reference. It has been previously shown in 2-D incompress-
ible single-ﬂuid simulations that vel can be a large fraction,
up to a half, of the upstream Alfv´ en velocity vAlf (Lukin,
2008). The 3-D results reported above show that vRR can
also achieve a large fraction of vAlf, up to vRR =0.24vAlf in
the smallest β single-ﬂuid simulations attempted. Thus, it
follows that LRR/HRR can be of order unity, which is con-
sistent with the RR current density structures shown in Fig. 7
and Fig. 10.
While in the Sweet-Parker model LRR is assumed to be the
global scale of the reconnecting magnetic structures, which
leads to extremely slow reconnection in astrophysical-size
systems; the question now becomes: what determines HRR
and how small can that be? The evidence presented here
points towards some mesoscale determined by local vari-
ations in |B| of the reconnecting magnetic structures that
is much greater than the dissipation scale, but also much
smaller than the global scale. Yet, the simulation results
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discussed above do not provide sufﬁcient separation of scales
to afﬁrmatively answer that question, leaving it for future
work.
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